Abstract. We prove the existence of a transmutation operator between two weighted Sturm-Liouville operators. We also provide an explicit formula for the transmutation operator and a construction algorithm. An example and an application to an inverse spectral problem are also considered.
Introduction
Let L 1 |f (x)| 2 w(x)dx < ∞ . The operator L 1 can be viewed as a perturbation of the more simple operator L 2 , in which w is known as the density of the string and is allowed to vanish inside [0, ∞). The string is well known to have numerous applications in prediction theory, Gaussian processes, function theory, moment problems and inverse problems, see [5] , [7] and [9] .
Recall that the operator L 2 is in the limit-point case at infinity when w(x)dx < ∞, then L 2 is in the limit circle at x = ∞ and we need to add a boundary condition at x = ∞. Thus without loss of generality, in all that follow, we can assume that both operators L 1 and L 2 are self-adjoint operators, adding a boundary condition at x = ∞, in the limit circle case. Denote respectively by σ 1 and σ 2 their spectra and by ϕ(x, λ) and y(x, λ) their eigensolutions which we normalize by ϕ (0, λ) = y (0, λ) = 1. It is known that the spectra are simple and the pair of transforms associated with L 1 is given by
Similarly for L 2 we have
We recall that λ belongs to the discrete spectrum, only in the case when the solution
for all values λ ∈ C, is called a transmutation operator and plays a crucial role in the inverse spectral problem. For example if V exists then it is easy to see that
exists then
which means that we can reconstruct L 1 from the knowledge of V and L 2 . In other words given w and V we can reconstruct the potential q. More details about the theory of transmutation operators and their applications can be found in [2] , [3] , [4] and [11] .
The existence and construction of the operator V is at the heart of the theory of inverse problems. Note that the only well understood case of the transmutation operator is when w(x) = 1. In this case V is a Volterra type integral operator of the second kind, whose kernel satisfies a second order hyperbolic differential equation, see [10] . In this paper we are concerned with the existence and construction of the transmutation operator V between L 1 and L 2 for a general nonnegative w. We will show that V is again a Volterra type integral operator of the second kind. Its construction, under some extra smoothness conditions on w and q, does not require any partial differential equation. Since a Volterra integral operator of the second kind has an inverse, the result of this paper can be used in the inverse problem of reconstructing the potential q.
Existence of Transmutation Operator
Our starting point is to use the variation of parameters to solve
which leads to the obvious relation between ϕ and y
that can be rewritten in the form
and y 1 and y 2 are the fundamental solutions of the equation
satisfying the initial conditions
At this point observe that although (2.2) is a mapping between y and ϕ, it does not define an operator, because the kernel G(x, t, λ) depends on λ.
Since the solutions y 1 and y 2 are entire functions of λ, it follows that
λ)w(t)dt
Having replaced λ n by operator L n 1 we arrive at the operator
that is defined at least over the set {ϕ(t, λ)} λ∈R . To find the domain of definition of V , observe first that
Observe that
is an entire function and from (2.5) we deduce that F 1 (λ) = 0 for all λ ∈ R. Thus it turns out from (1.3) that
Since V − 1 is a bounded functional defined on the dense set {ϕ(t, λ)} λ∈ [0, 1] it can be extended uniquely to a linear bounded functional on L 
H(x, t)ϕ(t, λ)w(t)dt
which leads to
where
Remark: The completeness of ϕ(x, λ) is a result of the self-adjointness of L 1 . We could have used the operator L 2 , whose classification is simpler, instead of L 1 to obtain a similar result. Recall that end-point classification for L 2 depends on the convergence of
Construction of the Transmutation Operator
Although the Riesz representation theorem guarantees the existence of the transmutation operator V , see proposition 3, it does not help us construct its kernel H(x, t). In this section we show how Green's function G(x, t, λ) can be used to construct the transmutation operator.
We would like now to remove the λ appearing in the integral term in (3.7). From the uniform convergence of the G(
Since G(x, x, λ) = 0 then ξ n (x, x) = 0 for any n. To simplify the integration by part, we
We will show that the term outside the integral vanishes. For that purpose we now prove few Lemmas that are also needed in the sequel.
and so the Lemma follows.
t, λ) = −λw(t)G(x, t, λ) and Leibnitz's formula then yields
∂ k ∂t k G(x, t, λ) = −λ ∂ k−2 ∂t k−2 [w(t)G(x, t, λ)] (3.1) = −λ k−2 j=0 k − 2 j (w(t)) (k−2−j) ∂ j ∂t j G(x, t,
λ).
For each fixed x we can also write
Thus it follows from (3.1) that the sequence f k satisfies a recurrence relation
The first two terms are (3.2)
From (3.3) it follows that f k is a polynomial in λ of degree at most
Thus using the above Lemma we have proven that
Using the above result we have
)] ϕ(t, λ) w(t) dt
and in general for k < n,
Consider the first boundary term. We have
and thus all boundary terms vanish if k < n.
Thus we have proven Proposition 6. Assume that w ≥ 0, and w, q ∈ C ∞ (0, ∞) . Then for any n ≥ 0, we have
The next step is to start from (2.6) and (2.2) to deduce that
As done previously, from (3.5) we have
is the partial sum of the MacLaurin series of the Green function G(x, t, λ) . Since G m (x, t, λ) converges uniformly to G(x, t, λ) for t ∈ (0, x) and λ ∈ (0, 1), and G(x, t, λ) is bounded there, then G m (x, t, λ) is uniformly bounded for t ∈ (0, x) and λ ∈ (0, 1). Now
Thus the sequence L
. But a bounded and weakly convergent sequence in a Hilbert space converges strongly to the same limit. Hence we have proven
This proposition allows us to construct the kernel H(x, t) of the transmutation operator V from the Green function G(x, t, λ). To illustrate the above theory, we now present a very simple example which corresponds to the case w(x) = x α where α > −1. Clearly L 2 is in the limit point at x = ∞. Consider the Bessel operators defined by
where a(λ) = Γ α + 3 α + 2 (α + 2)
Here J ν (x) is the Bessel function. It is readily seen from
where Green's function is
Therefore we arrive at an explicit formula for G(x, t, λ)
, with ξ m (x, t) being given by (3.8) .
Applications
We now briefly outline an interesting application of the transmutation operator V −1 = 1 + K. Using the above notation the Gelfand-Levitan theory would read as follows: Recover the potential q from the given spectral function Γ 1 . To do so, we assume that we know y(x, λ), Γ 2 and w such that the following function 
K(x, t)y(t, λ)w(t)dt.
It is then easy to show that there exists a function q such that
and the newly constructed ϕ is a solution of equation (1.1). The above analysis of constructing transmutation operators can be extended to the more general Sturm-Liouville operators dt. Then it follows that φ(t) satisfies φ (t(x)) = p(x)y (x) and from
p(x) (p(x)y (x, λ)) + q(x)y(x, λ) = λy(x, λ)
which is similar to L 1 with W (t(x)) = w(x)p(x) and Q(t(x)) = q(x).
